We consider asymptotics of certain BPS state counts in M-theory compactified on a K3 surface. Our investigation is parallel to (and was inspired by) recent work in the mathematics literature by Filip [1], who studied the asymptotic count of special Lagrangian fibrations of a marked K3 surface, with fibers of volume at most V * , in a generic twistor family of K3 surfaces. We provide an alternate proof of Filip's results by adapting tools that Douglas and collaborators have used [2] [3] [4] [5] [6] [7] to count flux vacua and attractor black holes. We similarly relate BPS state counts in 4d N = 2 supersymmetric gauge theories to certain counting problems in billiard dynamics and provide a simple proof of an old result in this field.
Introduction
Determining the existence and properties of BPS states has a long and storied history. Key applications include those to uncovering duality symmetries of string theory [8] and understanding the dynamics of supersymmetric quantum field theories [9, 10] . Asymptotics of counts of BPS states at large mass and charge are particularly relevant to understanding microstate counts underlying the Bekenstein-Hawking entropy of simple black holes [11] .
The usual approach in such counting problems is to fix some supercharges and count states that are BPS with respect to those supercharges. However, in theories with sufficient supersymmetry, there is another natural question which, to our knowledge, has been less investigated: counting states which are BPS with respect to any choice of supercharges at a fixed point in the moduli space. Indeed, this is the more natural question; as we will find below, this approach to counting detects states which the usual index computations miss. In a mathematical context, this question has been recently addressed in [1, 12] , where a formula determining the large-volume asymptotics of special Lagrangian T 2 fibrations of K3 (as a function of the fiber volume) was proposed.
Let us introduce and motivate this problem from the perspectives of both physics and mathematics. Consider M-theory compactified to 7 dimensions on K3. We may obtain BPS states by wrapping M2-branes on supersymmetric 2-cycles, which are simply holomorphic curves with respect to some complex structure [13, 14] .
1 Equivalently, thanks to the hyper-Kähler structure of K3, we may regard such a cycle as special Lagrangian with respect to some choice of Kähler form, ω. That is, if our curve is C, and the holomorphic 2-form is denoted by Ω, we have
for some θ. Therefore, we are interested in counting 2-cycles which are special Lagrangian (with any phase θ) with respect to an arbitrary Kähler form. Actually, since these curves C generically have moduli spaces (even for a fixed choice of Kähler form) this is still not a well-defined problem: to count BPS states of the M2-branes we should really study the cohomology of these moduli spaces, and in particular their Euler characteristics. If we restrict to genus one 2-cycles, then these moduli spaces are all topologically the same (namely S 2 = P 1 ), and so counting BPS states is thus reduced to counting the number of these moduli spaces.
2 Finally, under the genericity assumption of [1] which we detail below, given such a moduli space we can canonically realize our K3 surface as a special Lagrangian fibration by fibering the curve at a point in the moduli space (which will be singular at 24 points) over the base S 2 .
3 Conversely, any special Lagrangian fibration of a K3 surface has torus fibers (plus 24 singular fibers) and a spherical base. So, we have rephrased our physics problem -counting BPS states arising from M2-branes wrapping two-tori in the internal dimensions -as one of counting special Lagrangian fibrations of a fixed K3 surface.
The organization of this note is as follows. In §2, we give a slightly more precise formulation of the counting problem. In §3, we solve the problem by a distinct method from [1] . In §4, we use similar ideas to determine large-length asymptotics of closed billiard trajectories on rectangular billiard tables, and briefly sketch the relation of this question to asymptotics of BPS state counts in 4d N = 2 gauge theories.
More precise statement of the problem
In order to be more explicit, we introduce the notion of a generic twistor family of marked K3 surfaces, X. 'Marked' means that we have chosen an isomorphism H 2 (X, Z) → Γ 3,19 , where Γ 3,19 is the even unimodular lattice of signature (3, 19) . Physically, this marking corresponds to a choice of U-duality frame. (Physicists may appreciate the discussion in [17] .) A 'twistor family' is obtained by taking a marked K3 surface, considering the positive-definite 3-plane P ⊂ Γ 3,19 ⊗ R that contains the Kähler form and the real and imaginary parts of the holomorphic (2, 0)-form, Ω (all of which we normalize to be unit vectors, so that they form an orthonormal basis for P ), and rotating the Kähler form throughout the unit 2-sphere S ⊂ P . So, it is specified by a point P in the Grassmannian
consisting of positive-definite 3-planes in R 3, 19 . All of the elements of the twistor family have the same Ricci-flat metric. Finally, 'generic' means that all elements of the family have a Néron-Severi lattice, H 2 (X, Z) ∩ H 1,1 (X), of rank (or 'Picard number') ρ at most one. Note that it is exactly this lattice that comprises the cohomology classes of holomorphic curves, so our genericity hypothesis is that for any choice of complex structure we have at most one primitive curve class. Moreover, a Kähler form, if one exists, must lie within this lattice, and so a K3 is algebraic if and only if this lattice is nontrivial. Note that the name 'generic' is reasonable as such families correspond to the complement of a countable set of proper submanifolds of G 3,19 by lattice-theoretic considerations. Now, more explicitly, the problem with which [1, 12] were concerned was to count the number of special Lagrangian fibrations in a generic twistor family of marked K3 surfaces whose non-singular fibers have volume at most V * , in the limit of large V * . Note that in a given fibration all of these fibers have the same volume as they are homologous cycles calibrated by Ω.
In fact, we can easily work at the level of cohomology. That is, for any Q ∈ H 2 (X, Z) with Q 2 ≥ −2 there is a Kähler form ω(Q) for which a representative of Q is a special Lagrangian genus Q 2 /2 + 1 cycle, and so in particular for any primitive null (or isotropic) Q ∈ H 2 (X, Z) one obtains (under the genericity assumption) a special Lagrangian fibration. Indeed, this is a one-to-one correspondence [1] . By using our freedom to choose the phase of Ω, we can write the volume of a special Lagrangian representative of Q as Q · Ω(Q), where Ω(Q) is the holomorphic (2, 0)-form corresponding to the Kähler form ω(Q).
Finally, we observe that the physical setup motivates the generalization to counting primitive null cohomology classes even when P is not generic, although in this case the count is no longer one of special Lagrangian fibrations.
Having said all of this, we will now prove the following theorem at a physical level of rigor: Theorem 1. Given a twistor family X associated to a (possibly non-generic) 3-plane P with unit sphere S, and given any smooth weight function w : S → R, we have the following asymptotic formula, where the sum runs over all primitive null vectors Q ∈ Γ 3,19
The implied constant multiplying the right hand side is independent of w and P .
The weight function is introduced in order to demonstrate that the points we are counting are equidistributed along S.
We prove this theorem by adapting methods of Douglas and collaborators used to count flux vacua and attractor black holes [2] [3] [4] [5] [6] [7] . The restriction in the sum of (2.2) to primitive vectors might seem troublesome, but since we are only interested in the large V * asymptotics we can essentially ignore it, since the probability for n randomly chosen integers to have greatest common divisor 1 is 1/ζ(n), which for n = dim
More precisely, for n ≥ 2 integers selected uniformly at random in the range [1, N ], the probability for them to be relatively prime tends to 1/ζ(n) as N → ∞ [18] . Clearly, finite N is correlated with finite V * , and so the finite N errors in this result will lead to finite V * errors. For this purpose, the more precise result
+ O(1/N ), valid for n ≥ 3 [18] , will be useful.
Before continuing, we provide a simple proof that the count is finite. We decompose a null vector
The special Lagrangian condition (and our choice of phase for Ω(Q)) forces 
Proof
We introduce the notation
for a delta function that forces Re Ω to be parallel to Q L , so that Q has a special Lagrangian representative whose volume is Q · Ω. 4 Similarly,
imposes Q 2 = 0. 5 Here, ∆ is the width of our hyperboloid in Q-space, which is needed to appropriately enclose lattice points in the integral approximation below. Its most important feature is that as we rescale Q → Q/α, we will rescale ∆ in the same way. Explicitly, ∆ is determined by setting
as V * → ∞. Note that while this expression appears to depend on P , via the definition of Q L (as the projection of Q onto P ), in fact ∆ is independent of P . For, as V * → ∞, the same points are being counted regardless of P ; the only role of the constraint Q L ≤ V * is to cut off the otherwise infinite count, and this cutoff is the same on both sides of (3.3).
(Q L also appears in the definition of δ 0 , but as footnote 5 makes clear this normalization of the delta function is needed for the two cutoffs to coincide.)
In terms of these objects, we can estimate the count we are interested in (roughly by approximating a number of enclosed latticed points via a volume of the enclosing region) via
4 This is normalized so that
S 18 dQ R , where S 18 is the unit 18-sphere parametrized byQ R , and
Next, we re-write the theta function in terms of a contour integral, so that (3.5) becomes
Now, we rescale Q → Q/α. The α integral then gives
Performing the radial Q L integral using δ 0 , the angular integral overQ L = Q L / Q L using δ Ω , and then the Q R integral gives This result gives a prediction for the ratio of volumes of homogeneous spaces appearing in the constant of [1] .
Clearly, the dominant source of error in the approximation (3.5) in the large V * limit comes from the boundary, Q L = Q R = V * . We have already discussed the errors in (3.4). It would be interesting to compare these errors to those discussed in [12] .
Billiards
We now demonstrate that identical techniques can be applied to billiards problems of interest in the study of flat surfaces, or translation surfaces, which are formally analogous to the counting problem treated above [1] . We refer the reader to [19] for background. Here, we will focus on the simple problem of counting closed geodesics on a genus one surface whose area we normalize to unity.
We regard the torus as arising from the identification of opposite edges of a parallelogram. We then tile the complex plane with translates of this parallelogram and observe that the corners thereof form a unimodular lattice, Γ ∈ C. We choose the origin to coincide with one such corner. Now, our problem is reduced to counting geodesics in C which begin at the origin and end at a primitive vector in Γ. We note that when the parallelogram is rectangular, this is equivalent to counting closed geodesics on a billiards table. See the illustration in Figure 1 . Figure 1 : A geodesic on a billiard table; its lift to a tiling of the plane; and the same trajectory viewed as a geodesic on a surface of genus 1.
We denote both the angle of the geodesic relative to the horizontal and the unit vector in this direction by θ. Let δ θ = δ(θ − arg Q) be a delta function that forces θ to be parallel to Q and let S denote the unit circle. Then, the count is 2) where the runs over geodesics ending at primitive lattice points, and w(θ) is an arbitrary smooth function.
We now do the same tricks as before to deal with the θ function, so that we are left with In particular, setting w = 1 and performing the integral yields 6 π 2 · πL 2 * , which shows that the Siegel-Veech constant for T 2 is 6 π 2 . We note that this quadratic asymptotic behavior applies to a very general class of geodesic counting problems [20] [21] [22] [23] [24] .
We can also relate this sort of counting problem to physics. 6 Specifically, consider the Seiberg-Witten description of the low-energy limit of an SU (2) gauge theory, possibly with matter in the fundamental representation [9, 10] . This involves an elliptic fibration over the P 1 Coulomb branch of the gauge theory. We view a fiber, called the SeibergWitten curve, Σ, as being cut out of P 2 , with coordinates x, z, by a single equation. This embedding is quite useful because a number of properties of the low-energy physics are illuminated by regarding the Seiberg-Witten curve as a branched double cover of the zplane. (This can be motivated by geometrically engineering the theory in string theory, where the z-plane arises as the base of an ALE-fibration [26] [27] [28] .) In particular, Σ is endowed with a canonical flat surface with poles structure [25, 29] by a meromorphic oneform, λ, known as the Seiberg-Witten differential, which vanishes precisely at the branch points. (Note that this induces a rather different metric, g zz = 4λ zλz , on Σ from the one obtained from its embedding in P 2 .) Stable BPS hypermultiplets then correspond to primitive geodesics connecting branch points, while vector multiplets correspond to primitive closed geodesics [27, 28] .
7
In fact, this same 4d N = 2 field theory may be engineered in another way in string theory, and this leads us to another math problem which is dual to the one just discussed. Specifically, these field theories describe the worldvolume of a D3-brane probing D7-branes and an O7 orientifold plane [32] . Quantum corrections to this picture are described by F-theory on an elliptically fibered K3 surface [33] , where the Coulomb branch is an infinitesimal neighborhood in the base of the fibration. BPS states now correspond to certain geodesics, and webs thereof, on this base [34, 35] ; these geodesics trace out the positions of strings.
We thus see that two different counting problems involving geodesics on different surfaces have the same answers. The connection between them is provided by compactifying the F-theory setup on a circle transverse to the D3-brane, T-dualizing, and lifting to Mtheory. The compactification manifold is our original K3 surface, but now the fibers are also part of spacetime, and their Kähler class is controlled by the radius of the extra circle we introduced in the F-theory frame. The D3-brane becomes an M5-brane wrapping these fibers [36] , while BPS states are now M2-branes ending on the M5-brane with one leg along the base and one leg along the fibers [37, 38] . It is now clear that each of the earlier counting problems was just looking at one of the two legs of the M2-brane.
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